High-field specific heat measurements on BaCo2V2O8, which is a good realization of an S = 1/2 quasi one-dimensional Ising-like antifferomagnet, have been performed in magnetic fields up to 12 T along the chain and at temperature down to 200 mK. We have found a new magnetic ordered state in the field-induced phase above Hc ≃ 3.9 T. We suggest that a novel type of the incommensurate order, which has no correspondence to the classical spin system, is realized in the field-induced phase.
The S = 1/2 one-dimensional (1D) anitiferromegnetic XXZ model is a simple spin system but exhibits very rich and exotic properties originating from quantum fluctuation inherent in the model. It is one of a few examples of many-body quantum systems, being exactly solvable by the Bethe Ansatz, and has been the object of numerous theoretical studies. An important feature of this model is a quantum critical nature of the ground state, characterized by power law decay of the correlation function in its gapless spin liquid phase [1, 2] . The quantum critical nature is a manifestation of the Tomonaga-Luttinger (TL) liquid state, which realizes in this gapless phase. A magnetic field for the longitudinal z-direction can play a key role in controlling this aspect [2, 3] . The model is given by the Hamiltonian H = J i {S i,z S i+1,z + ǫ(S i,x S i+1,x + S i,y S i+1,y )}
where, J > 0 is the antiferromagnetic exchange interaction, and ǫ ≥ 0 is an anisotropic parameter. The ǫ-h phase diagram for the ground state of the model, given by the Bethe Ansatz calculations [3, 4] , is shown in Fig.  1 . Here, h = gµ B H/J is the normalized field. Peculiar quantum critical behaviors in the fields were theoretically demonstrated in the spin liquid phase. An incommensurate correlation for the longitudinal spin component develops, in addition to a transverse staggered one [2] . Asymptotic forms of the transverse and longitudinal correlation functions are expressed, respectively, as follows: 
where m is a magnetization per spin, η x and η z are the TL exponents for the x and z spin component, respectively, which satisfy a relation η x η z = 1, and k F = π(1/2-m).
In this letter, we discuss the quasi-1D S = 1/2 Isinglike antiferromagnet with ǫ < 1 in the longitudinal fields at very low temperature. Inevitable three-dimensional (3D) interactions in real quasi-1D materials make the quantum critical state unstable, and can lead to a long range order at a finite temperature. As a result, the magnetic ordering with exotic properties, reflecting the peculiar quantum critical nature of the 1D XXZ model, is expected to appear in the quasi-1D Ising-like antiferromagnet. Figure 1 shows that a quantum phase transition from the Néel ordered phase to the quantum critical spin liquid one occurs at a critical field H c in the Isinglike system [2, 3] . An important point for the Ising-like XXZ case is that the incommensurate correlation is enhanced above the critical field H c , in contrast to the usual isotropic Heisenberg model, for which the staggered correlation of the xy spin components is always dominant in a magnetic field. Then the interchain coupling brings a quite interesting situation in the gapless phase above H c , as will be argued later. We will report the first observation of the magnetic ordering in the field-induced phase of S = 1/2 quasi-1D Ising-like antiferromagnet above H c by specific heat measurements on BaCo
ion is surrounded by six oxygen atoms, and the edgeshared CoO 6 octahedra form a screw chain along the c-axis [5] . At zero field, BaCo 2 V 2 O 8 undergoes a long range ordering at 5.4 K [6, 7, 8] . When the external field is applied for the c-axis, which is the easy axis of BaCo 2 V 2 O 8 , a field-induced transition occurs at H c ≃ 3.9 T, as shown in Fig. 2 [6, 7, 9, 10] . In contrast to the spinflop transition of classical antiferromagnets with easy-axis anisotropy, which exhibits a linear increase of the magnetization above the transition field, the magnetization in BaCo 2 V 2 O 8 shows a non-linear and steep increase above H c . This behavior suggests strong quantum fluctuation in the field-induced phase. In fact, previous specific heat measurements showed that no magnetic ordering is observed down to 1.8 K in the field-induce phase for H > H c [6, 7] . Therefore, the field-induced transition in the temperature region above 1.8 K causes a destruction of the long range magnetic order. [6, 7] . In our recent study, we revealed that the above mentioned quantum phase transition of the S =1/2 1D Ising-like antiferromagnet, which brings about the quantum critical nature in the field-induced phase, is responsible for the destruction of the magnetic order in BaCo 2 V 2 O 8 [9, 10] . The magnetization curve is explained by the S =1/2 1D XXZ model with ǫ ≃ 0.5, g = 6.2 and J/k B = 65 K, as shown in Fig. 2. An advantage of BaCo 2 V 2 O 8 is its rather low critical field H c ≃ 3.9 T, that is easily accessible by commercial superconducting magnets. Thus, BaCo 2 V 2 O 8 is very suitable material for studies of the field-induced phase in the S =1/2 quasi-1D Ising-like antiferromagnet. In this study, with further decreasing temperature by using a dilution refrigerator, we find a new long range ordered phase above H c . The transition between the Néel ordered phase to the field-induced ordered one is revealed to be of first order. From the theoretical considerations based on the Bethe Ansatz calculations, we propose that a novel type of the incommensurate order, which has no correspondence to the classical spin system, is realized in the field-induced phase. The specific heat of BaCo 2 V 2 O 8 for H c was measured by means of a quasi-adiabatic heat pulse method in high magnetic field up to 12 T and at temperature down to 200 mK. We use a dilution refrigerator and a superconducting magnet. Magneto-caloric effect was also measured at T = 1.0 and 0.5 K. Single crystals of BaCo 2 V 2 O 8 , grown by a spontaneous nucleation method [8] , were used for the measurements. Figure 3 shows the temperature dependence of the heat capacity observed in BaCo 2 V 2 O 8 for H c. In the field region above H c , a λ-peak, which corresponds to the long range magnetic order, is observed at temperature below 1.8 K. As the field is increased, the peak position shifts toward lower temperature. The λ-peak diminishes with increasing the field and disappear in the field re- gion above 10 T. Slight upturn of the specific heat is seen in the low temperature region, presumably owing to the contribution from the nuclear magnetism. The observed ordering temperatures are plotted together with the data obtained from the previous measurements by He et al. [6, 7] and the transition fields determined by the magnetization and magetocarolic effect measurements in Fig. 4 . The inset of Fig. 4 shows the field dependence of magnetocarolic effect, observed at 1.0 and 0.5 K. Sharp peaks at H c ≃ 3.9 T, accompanied by a small hysteresis, exhibit a phase boundary of weak first order, as plotted by triangles in Fig. 4 . Thus, our measurements reveal the appearance of a new ordered state in the field-induced phase above H c ≃ 3.9 T at temperature below 1.8 K. The peaks, found in the magnetocaloric effects at H c , show that the transition between the Néel ordered phase to the field-induced ordered one is accompanied by latent heat. The concave peak, which corresponds to an endothermic behavior of the sample, in the field-ascending process suggests larger entropy in the field-induced phase compared with the Néel ordered one.
As we mentioned before, a gapless spin liquid state realizes in the field region above the transition field H c for ideal 1D S = 1/2 Ising-like antiferromagnets. The magnetic excitation in the spin liquid state is characterized by k-linear dispersion with soft mode at incommensurate wave vectors [2] . Our previous ESR measurements on BaCo 2 V 2 O 8 at 1.3 K suggested the development of such incommensurate soft modes for H > H c [10] . A T -linear dependence of the specific heat above the ordering temperature, indicative of the gapless k-linear dispersion [11] , further supports a realization of the gapless spin liquid state; see the inset of Fig. 3 . For the Heisenberg or XY system with ǫ ≥ 1, the transverse staggered correlation is always dominant compared with the longitudinal one in the spin liquid phase up to the saturation field as shown in Fig. 1 [3] . Therefore, usual Néel type ordering of the transverse spin components should take place in the quasi-1D XY or Heisenberg antiferromagnet. The quantum critical behavior of the Ising-like system, however, is quite different from that of the system with ǫ ≥ 1. Dotted and dot-dashed lines in Fig. 2 show the field dependences of the TL exponents η x and η z for the S = 1/2 1D XXZ model respectively, calculated by the Bethe Ansatz integral equation [3] with ǫ = 0.46, g = 6.2 and J/k B = 62.5 K. These parameters were estimated from the analysis of the magnetization curve [9] . It should be mentioned that a small ferromagnetic next-nearest neighbor (NNN) intrachain interaction in BaCo 2 V 2 O 8 was suggested from our ESR measurements [10] . However, the NNN interaction is neglected in this discussion, because it is estimated to be less than ten percent of the nearest neighbor one. In contrast to the Heisenberg or XY system, η z <η x , which indicates a dominance of the longitudinal incommensurate correlation compared with the transverse one, is satisfied for the Ising-like system in a certain field region above H c . When the 3D interaction is relevant, the dominant longitudinal correlation in the chain is expected to develop to the long range order for the quasi-1D material. Thus, we propose that the long range ordered phase with an incommensurate spin structure appears in BaCo 2 V 2 O 8 above H c . In this structure, the spins align to be colinear along the c-axis with modulation of those amplitude, characterized by the incommensurate wave number k = 2k F . Actually, the recent theoretical study demonstrated that such an incommensurate order, which results from the dominance of the η z , can be stabilized by the interchain molecular fields for the S = 1/2 bond-alternating chain system with frustration [12] . The concave curve of the phase boundary between the ordered phase in the field-induced region and the disordered one in BaCo 2 V 2 O 8 is qualitatively different from convex phase boundaries found in the Heisenberg spin gap systems, such as TlCuCl 3 [13] , for which the ordering of transverse spin components appears. We consider that this reflects the difference of the spin structures in the ordered phase. The appearance of the incommensurate order in the longitudinal field was discussed for the first time in the S = 1 quantum 1D chain with large single-ion type easy-axis anisotropy [14] . To our knowledge, however, the incommensurate order in such a system has not been confirmed experimentally yet.
In the ordered phase above H c , the incommensurate soft mode will turn into the gapless Goldstone mode as a consequence of the breaking of a quasi-continuous translation symmetry, whereas the magnetic excitation in the Néel ordered phase is the spinon with a finite gap [15] . Thermal excitation is activated in presence of the gap-less mode, giving rise to the larger entropy for the fieldinduced phase, as suggested by the magnetocaloric effect. With further increasing the field, a crossover of the TL exponents between η x and η z occurs, and then the transverse correlation becomes dominant in the 1D chain, as shown in Fig. 2 . The disappearance of the long range order above 10 T may be attributed to this crossover. Around the crossover field, the long range order should be suppressed, as the order of both the longitudinal and transverse spin components usually cannot coexist. Competition between these two kinds of order, which becomes significant around the crossover field because of the equivalence between the η x and η z , disturbs the system in taking a unique stable spin structure. In the higher field region above 12 T, we also expect an appearance of another phase, characterized by staggered order with respect to the xy spin components, owing to a development of the dominant transverse correlation.
Recent quantum Monte-Carlo simulation showed that the incommensurate long range order can be stabilized only by the interchain exchange interaction for the S = 1/2 quasi-1D XXZ model [16] . It should be mentioned that this incommensurate order is different from the spin density wave state of conducting linear chain systems, which is arisen by the nesting of Fermi surface, and is caused entirely by the quantum fluctuation inherent in the gapless spin liquid state of the S = 1/2 1D XXZ model. It is theoretically known that the S = 1/2 1D XXZ model can be represented by pseudofermion [17, 18] .
The field-induced quantum phase transition in the S = 1/2 1D Ising-like antiferromagnet is described as that from the charge ordered phase with alternative alignments of the hole and pseudofermion to the TL liquid one with an incommensurate charge density wave (CDW) correlation of the pseudofermion. The incommensurate order of the longitudinal spin component in the S = 1/2 1D XXZ model is a spin version of the CDW order for the pseudofermion. Such a CDW order, corresponding to the incommensurate order for the spin chain, is likely assisted by the spin-lattice coupling [19] . If the spin-lattice coupling is relevant, similar behaviors to the spin-Peierls system in the magnetic field [20, 21] 
